Math 126 Problem 11: Random Sign Matrix

Spring 2027

Submission Instructions

Please upload your work to Gradescope by 11:59pm on Monday, March 1, 2027 (Pacific time).

e You are encouraged to discuss ideas and work with your classmates. However, you must
acknowledge your collaborators at the top of each solution on which you collaborated with
others and you must write your solutions independently.

e Your solutions to theory questions must be written legibly, or typeset in LaTeX or markdown.
e [ recommend that you write your solutions in a Python notebook using Google Colab.

e You should submit your solutions as a single PDF via the assignment on Gradescope.

Grading: The point of the problem set is for you to learn. To this end, I hope to disincentivize
the use of LLMs by not grading your work for correctness. Instead, you will grade your own work
by comparing it to my solutions. This self-grade is due the Friday after the problem set is due, also
on Gradescope.

Original notebook: Google Colab.

Random Sign Matrix

Often practitioners prefer JL matrices with discrete random entries instead of Gaussians because

they take less space to store and are easier to generate. We analyze one construction below.
Suppose that II is a “sign Johnson-Lindenstrauss matrix” with n columns, k rows, and i.i.d. £1

entries scaled by 1/ V'k. In other words, each entry in the matrix has values —1 / vk with probability

1/2 and 1/vk with probability 1/2.

Part A

Prove that for any vector z € R™, E[||Ilz||3] = ||z||3 and that Var[||Tlz[|3] < 2||2[|4. This is the meat
of the problem and will take some effort.

Part B
Use the above to prove that:

Pr (||[Tz3 — [llI3] > €llz]13) <6

as long as we choose k = O (513).


https://colab.research.google.com/drive/1aW6LjXEWIVPulxRxWJs0Q1rrR6k4pq4W?usp=sharing

Note: This bound almost matches the distributed JL lemma proven in class, but with a worse
failure probability dependence of 1/8 in place of log(1/8). With more work, it’s possible to improve
the dependence to log(1/8) for the sign-JL matriz, but we won’t do so here.



